Abstract: In this article we analyse various methods of value approximation for Prolate Spheroidal Wave Functions (PSWF). As PSWFs are not given by explicit formula, for any application their values need to be calculated based on their properties and connection to other functions. We will focus on three approaches -Legendre polynomials, Eigenvalues of Matrix Operators and Hermite functions. We then create an implementation and test its effectiveness by using is as a base for bandlimited signal approximation algorithm.
Introduction
Prolate spheroidal wave functions create an orthonormal base for space of bandlimited signals. Approximation algorithm for band-limited signals based on prolate base coordinates has been proven optimal (in case where both error and jitter are equal to 0) and resilient to both error and jitter in pessimistic case (in [1] ). That set of properties make prolate spheroidal wave functions a good option for approximation algorithms. However, for that an integral operator is needed -and for that operator to be applicable, we need to be able to know the value of PSWF in given x. As prolate spheroidal wave functions are not given by explicit formula, an approximation method is needed. There exist many methods of approximation PSWF value at given x. Natural method utilizes well known connection between PSWFs and Legendre polynomials, but that technique is not the only one. Some of them use Bessel functions ( [3] , [8] ) and there are still preprepared value tables ( [2] , [4] ) in use, event though they have a major vice -the the user has to use the same set of parameters that was used to generate the tables.
In [7] a solution based on eigenvalues of matrix operators, while in [9] authors base their approximation on Hermite functions.
In this article, we will go through three different method of PSWF approximation, then we will show and test an implementation of one of them.
This article is organized as follows: in section 2 we will conduct a short introduction concerning Prolate Spheroidal Wave Functions, in sections 3-5 we will focus on different approaches to the problem. Finally in section 6 we show and test implementation of PSWF approximation algorithm.
Prolate spheroidal wave functions (PSWFs)
Prolate Spheroidal Wave functions as an orthonormal base of bandlimited signal space give many possibilities for construction of approximation algorithms. Their properties are widely discussed in [6] , [10] and [3] , while in [5] Lindquist and Wager give practical application for fMRI signals.
In this section we will state only basics of their characteristic needed for purpose of approximation algorithms.
It is known that for every positive number c the values of parameter κ, so that differential equation
has non-zero solution, can be ordered to form increasing sequence 0 < κ 0 (c) < κ 1 (c) < κ 2 (c) < . . .
have the following properties:
Knowing this, we put c = Ω 0 τ and define Prolate Spheroidal Wave Functions ψ k : [−τ, τ ] → R as follows:
having them defined this way, we can present (1) − (4) for ψ k as (A) Each function ψ k (t) depends continuously of Ω 0 and τ , and for arbitrary Ω 0 and τ can be expanded to entire function t ∈ C;
(C) Each function ψ k has exactly k simple zeroes
where
0 ω). using second equation (D) and the fact, that
we get
. Equivalnces 2 i 3, together with (B) give us:
(E) Each function ψ k , k = 0, 1, . . . is of energy 1 and is bandlimited to Ω 0 . Moreover, set {ψ k } ∞ k=0 is orthonormal in L 2 (−∞, ∞) and complete in B(Ω 0 , τ ). Above properties make PSWFs an effective tool to approximate bandlimited signals.
From (B) and (E) we easily can get representation for B(Ω 0 , τ ):
Eigenvalues λ k (c) satisfy following inequalities:
2k dx and k ≥ 2c/π
Legendre polynomials
This approach utilizes natural link between PSWF and Legendre polynomials, stated in definition as
where P k (0) is k-th Legendre polynomial. Legendre polynomials are orthogonal base of analytical functions, thus any PSWF can be expanded as
where P i is normalized Legendre polynomial. This approach reduces problem of approximating PSWF values to computation of value of sequence of polynomials.
Preliminaries
Definition 1 Let x ∈ R and let n ∈ N. By Legendre polynomials we will understand functions functions P n given as:
with P 0 (x) = 1 and P 1 (x) = x.
Above defined Legendre polynomials have the following properties Fact 1 Let P k be the k-th Legendre polynomial for k = 0, 1, . . .. Then:
1.
Even though as above fact states, Legendre polynomials are orthogonal, on −1, 1 , they are not orthonormal. To be exact
Normalizing them we get normalized Legendre polynomials P n defined as:
We will now prove the following lemma:
Proof:
We will begin with second part of the lemma. Note, that deg(P k ) = k and that Legendre polynomials are linearly independent set of polynomials with real coefficients. That means, that (P 0 , P 1 , . . . , P k ) is a base of linear space of polynomials with degree not greater than k. Hence
What follows, is
since P n , n = 0, 1, . . . are orthogonal. Now we move to first part of the lemma.
From Cauchy-Schwartz inequality we have
(17) QED Knowing, that PSWFs ψ k , k = 0, 1, . . . are analytical functions in C, on interval −1, 1 , we can expand each ψ k into Legendre sequence of the form
with coefficients β k fast converging to 0, as is stated in lemma below.
Lemma 2 Let P n (x) be n-th normalized Legendre polynomial and a ∈ R. Then:
where · is an integer part. Moreover for every integer m ≥ e · |a| + 1,
it gives
The formula (19) is comes directly from lemma 1 and Taylor expansion of e iax . To prove (23), let us assume integer
and let
From lemma 1 and triangle inequality, we get
From (26) we have
For m given by (26) and integer k > 0, we can rewrite (28) as
from where we obtain (23) using Stirling formula. Finally we get (25), putting
QED Using above lemma we can estimate the quality of approximation of PSWFs using Legendre polynomials. Such estimation is given in following theorem proven by Xiao in [8] (without loss of generality, wce can assume that τ = 1).
Theorem 1 Let ψ m (x) be m-th prolate spheroidal wave function with band limit c and let P k (x) be k-th normalized Legendre polynomial. Then, for every integer m ≥ 0 and every real c > 0, if
Moreover, for every > 0, if
Proof: Obviously
Putting a = cx (37)
And knowing that prolate spheroidal wave functions have unit norm, so
Together with formula 36 and lemma 2 it gives
Hence, for assumed k we have In previous section, we provided boundaries fo coefficients α k in expansion
Now, we will focus on algorithm to calculate those coefficients. Using (42) in differential equation
and with recursive formula for Legendre polynomials
and differential equation
We want, however, to expand prolate spheroidal weave functions in the base of normed Legendre polynomials
Combining norming formula with recursion 46 we get similar equation but for β j k :
We can now put above recursion in the matrix form. If for every j =, 0, 1, · · · we put β j as
then the following fact is true 
for every k = 0, 1, . . ., with all remaining elements of the matrix A equal to 0.
This fact allows us to rewrite recursion (48) as
Having constructed matrix A, we can formulate the algorithm of evaluating the value of j-th prolate spheroidal wave function ψ j (x) in the following manner:
• We generate first k rows and columns of matrix A, where k is given by inequality (34).
• We calculate eigenvectors {β j } and corresponding eigenvalues {χ j } from A
• Obtained values of β
Eigenvalues of matrix operator
This approach to approximation of values of prolate spheroidal wave functions, proposed in [7] , utilizes their characteristic as orthonormal system that maximizes energy concentration on given interval [τ, τ ], defining φ 0 as function of total energy φ 0 2 = 1, maximizing the formula
Each following function φ k must also maximize (54), being at the same time orthogonal to {φ i } k−1 i=0 .
Introduction
Let f be a function with band limited by Ω. Using Shannon sampling theorem we can represent such functions as
where S is a sinc function, S(t) = 
where obviously, following from Parseval equation for orthonormal base
Now, let us define infinite-dimensional, symmetric, real matrix
which will allow us to show ρ as
where by f we understand a sequence {f (n)}, and dot product as product in l 2 (B Ω ). We will use the same symbol A τ to refer to operator on l 2 (B Ω ) corresponding to matrix A τ . This matrix is positive defined, as dot product in numerator (59),
is positive for non-zero f . This leads to following Lemma, stated in [7] .
Lemma 3 Operator given by matrix A τ has limited Schmidt norm
Proof: Indeed,we notice, that following Schwartz inequality we have
Now, since
for n 2 > τ 2 , we can see, that 
Next problem, which will be approached is maximalization of (59). It is a typical optimalization theory problem, solved by finding maximum eignevalue of A τ and corresponding eigenvector. Solving this problem we obtain a sequence φ 0 = {φ 0,k } and λ so that
and φ = 1 given norm on l 2 . Also λ is maximum value of ρ. From there, we move to maximalization problem for (59) -function φ 0 is its solution. Indeed, since
where λ = max ρ. Each following function φ k will be a sequence φ k = {φ k,n } orthogonal to all φ i , i < k and maximizing (59). The sequence of functions {φ k (t)} given
will also be pairwise orthogonal in
Functions {φ k (t)} are orthonormal base of linear space B Ω and are solutions to maximalization problem (54), which, according to the fact theta PSWFs are the only solution to this problem gives
Fact 4 Prolate spheroidal wave functions φ k (t) can be represented as
where {φ k,n } are eigenfunctions of discrete operator A τ on l 2 and
Eigenvalues {λ k } are given as
We can also observe, that PSWFs are obtained from φ k (t) by normalizing λ k .
Approximation
Of course in practical application of this method we cannot use the whole matrix A τ as it is infinite-dimensional. The calculations utilizing the matrix and its eigenvectors and eigenvalues have to be conducted on finite approximations,the most natural of which is to truncate A τ to limited dimension.
So, by A m τ we will understand the matrix given as
We will use the same symbol to denote inifnite-dimensional matrix, being A m τ with all elements for |n| > m or |k| > m equal to 0. Inequality (63) allows us to find upper bound on elements of A τ :
when |k| > τ and |n| > τ . Furthermore if there exists p, |p| > 1 so that |k| ≥ pτ and |n| ≥ pτ , its easy to see, that
This leads to following bound 
If we additionally assume, that
Above fact shows, that increasing m, we can make e m arbitrarly small and allows the use of A m τ as approximation of A τ
Hermite functions
This approach to approximation is based on orthogonal base for band-limited signals, constructed from Hermite functions. Similarly to legendre polynomials, they are given by recursive equations, they make good base for approximating PSWF values for high Ω -band limit. This solution was introduced in [9] , here we will sum up its main results.
Introduction
Definition 2 Let n ∈ N and let x ∈ R. By n-th Hermite polynomial we will understand:
In further part of this section we will utilize some properties of Hermite polynomials, which we will state in following fact Fact 6 Let n, m ∈ N and let H n be n-th Hermite polynomial. Then:
A. H n satisfies differential equation
where δ nm is Kroenecker delta.
C. Value of H n (x) is bounded by
Base consisting of Hermite polynomials is orthogonal, yet to become orthonormal, the polynomials must be scaled. We will be using scaled Hermite polynomials H a n (x), where a is scale. We define them the following way Definition 3 Let n ∈ N and let H n (x) be n-th Hermite polynomial. Then, by scaled Hermite polynomial with scale a ∈ R we will understand polynomials s · H n (x), orthonormal on R with weight function e −a 2 x 2 , a > 0.
and (following (78))
of course following above and (77) we can immediately get recursion between scaled Hermite polynomial as
For scaled hermite polynomials, following recursions are true:
Let s = 0 and let H a n (x) be n-th scaled Hermite polynomial with scale a. Then, for every n ∈ N
1.
xH a n (x) = 1 a
2.
3.
with assumption that H a n (x) ≡ 0 for n < 0.
Now, we can define Hermite functions based on Hermite polynomials
Definition 4 Let a > 0, a ∈ R and let H a n be n-th scaled Hermite polynomial with scale a. By Hermite functions φ a 0 , φ a 1 , φ a 2 , . . . : R → R we will understand functions given by
Hermite functions posses properties which make them useful in PSWF approximation. Some of them we can state in following fact.
where δ mn is Kroenecker delta.
For every
where α n are given by formula
Furthermore, if f is even, α 2n+1 = 0∀ n≥0 , and if f is odd, α 2n = 0∀ n≥0 . To expansion (101) we will refer to as Hermite expansion.
Approximation
Let G c be a differential operator (for c > 0) given as
Operator G c is linear, self-adjoint and positive defined. The following theorem comes directly as conclusion from fact (7).
Fact 9
Let a > 0, a ∈ R and let {φ a n } be a sequence of Hermite functions. Than for any real and positive c and positive integer n
for n ≥ 0;
for n ≥ 2;
for n ≥ 4. Moreover
Now lets assume that ψ c m is eigenfunction of operator G c . Of course for every a > 0 we can expand ψ c m into Hermite expansion as follows
where α m n depend on a and c. The following theorem (after [9] ) illustrates dependencies between them. 
Proof: Using G c to both sides of (101) we get
From fact (9) we know, that
for n ≥ 0 and d i,n given in fact (9) . Substituting above to (103) we get
On the other hand, since χ m is eigenvalue of G c and ψ c m -corresponding eigenfunction
Comparing those two equalities we get the thesis. QED. Using inverse power method in Mathematica, those recurrence can be translated into following formula
where α i,k and β i,k are functions of m.
Of course, it is in practice impossible to calculate the sum of infinite series, therefore a truncated series will be used
which -introducing notation
Naturally, the question arises, how accurate this approximation is. This problem is addressed in following fact which is proven in [9] 
Above theorem validates truncation as approximation method. Use of Mathematica allows us also to approximate both α n i and β n i . For implementation in next section we decided to use n = 5 for our algorithm. 
We have used increasing number of PSWFs to approximate g. The effects can be seen in 1.
Another function we can test our algorithm against will be 
Choice of f shows us how the algorithm behaves being applied to scaled unit signal. Figure 2 shows the results. As we can observe, approximation of f achieves high level of precision relatively fast. Above 40 PSWF approximation changes are very small and focus mainly around the points where the function f is not differentiable. 
Conclusions
Since Prolate Spheroidal Wave Functions are an effective tool for approximating bandlimited signals and their definition does not allow any straightforward calculations, a method for estimating their values was an important problem in digital signal processing field. Three of them mentioned above utilize two different orthonormal basis of bandlimites space and eignevalues of matrix operator and all of them yield error with very low upper bound even for relatively low parameters, and therefore fast computations.
These three methods show that even though PSWFs are not explicitly represented, they can be approximated with high accuracy, which makes them valid tool for bandlimited signal processing.
